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Abstract
The Landau damping problem for linear transport equations
ft + α(v) fx + α(v)g(v)E = 0
x, v ∈ R1, is studied in this work. Our results show that the behavior of α(v) plays an important role in the time decaying of the
solutions.
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1. Introduction
The phenomenon of Landau damping generated much excitement when it was first discovered in [1,2] for linearized
Vlasov equations. In this short remark we study the damping problems for the linear transport equations{
ft + α(v) fx + α(v)g(v)E = 0
f (0, x, v) = f0(x, v). (1.1)
Here v ∈ R1 is the velocity, x ∈ R1 is the spatial variable, E is the electric field and is computed from
Ex (t, x) = ρ(t, x). ρ is the density which is defined by ρ =
∫
f (t, x, v)dv. When α(v) = v and g(v) = 2G ′(v2),
with G(v) an arbitrary smooth function, the above equation is the linearized Vlasov equation and was studied by
Glassey and Scheaffer in [3]. There they proved that when G(v) has unbounded support and is decaying, the solution
will decay at an algebraic rate in time t . On the other hand, when G(v) has a bounded support the solution, in general,
will not decay.
In the case where α(v) = v√
1+v2 and g = G
′(
√
1+ v2), (1.1) is the linearized relativistic Vlasov equation. We
have proved in [4] that, as long as G(v) is decreasing, there are a large class of initial data such that the solutions will
not decay. So in the relativistic context, the asymptotic behavior of moving particles is quite different from that of the
non-relativistic case.
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In this short work, we generalize the results of [3,4] to more general functions α(v) and g(v). This generalization
shows that the Landau damping is not only caused by the term α(v)g(v)E as in the linearized Vlasov equation, but
also controlled by the term α(v) fx .
We can also show that when |α(v)| → ∞ as |v| → ∞ and g(v) has an unbounded support, the solution will decay
at a certain rate depending on both α(v) and g(v). Due to the restriction on space, we will not present the proof here.
In the following, we state our results precisely. The proofs will be given in the next section after we set up several
integral invariants.
Theorem 1.1. Assume that α(v) ∈ C, g ∈ C1, g(v) ≤ 0 for all v and g(v) ∈ L1(R1) with ∫ α(v)g(v)dv = 0. There
exists f0 ∈ C∞0 with
∫∫
f0dvdx = 0 such that the solution f (t, x, v) of (1) has the property∫
ρ(t, x)2dx ≥ Constant > 0,
when either (i) |α(v)| ≤ M <∞ for all v and α(v0) > M2 for some v0 > 0 or (ii) g(v) has compact support.
Remark. When
∫
α(v)g(v)dv 6= 0, the same result will be true. The condition ∫ α(v)g(v)dv = 0 guarantees that∫
f (t, x, v)dxdv is a constant independent of t , which is the conservation of mass.
For the electrical field E , we have the following non-decay results:
Corollary 1.1. With the assumptions of Theorem 1.1, there exist positive constants C1 and C2 such that∫ |Ex (t, x)|2dx ≥ C1, and ∫ |E(t, x)|2dx ≥ C2.
Proof. See [4].
2. Proof of the main results
First, we introduce m2(v) = −g(v) and h(t, x, v) = f (t,x,v)m(v) .
Then h satisfiesht + α(v)hx − α(v)m(v)E = 0h(0, x, v) = h0(x, v) ≡ f (0, x, v)m(v) (2.1)
and ρ(t, x) = ∫ f (t, x, v)dv = ∫ m(v)h(t, x, v)dv.
Now, define j (t, x) = ∫ α(v) f (t, x, v)dv = ∫ α(v)m(v)h(t, x, v)dv. We have Et = − j and ρt = − jx . With this
notation and these definitions, we begin with the following lemma.
Lemma 2.1. Let h be a solution of (2.1) with h0 ∈ W 1,2(R2), xm(v)h0 ∈ L1(R2) ∩ L2(R2),
∫∫
h0mdvdx = 0, g ∈
C2, g′(v) < 0 for all v, and g′(v) ∈ L1(R1). Then there are constants 0, 1, and 2 such that (i)
∫∫
h2dvdx +∫
E2dx ≡ 0, (ii)
∫∫
h2xdvdx +
∫
ρ2dx ≡ 1, and (iii)
∫∫
vˆh2xdvdx + 2
∫
jρdx ≡ 2.
Proof. Multiply (2.1) by h and integrate over v; we get
∂t
(
1
2
∫
h2dv
)
+ ∂x
(
1
2
∫
α(v)h2dv
)
− E
∫
vˆmhdv = 0.
Since Et = − j = −
∫
α(v)mhdv, we have
∂t
(∫
h2dv + E2
)
+ ∂x
(∫
α(v)h2dv
)
= 0.
Now (i) follows after integration over x . 
Differentiate (2) with respect to x ; we get
hxt + α(v)hxx − α(v)m(v)Ex = 0. (2.2)
M.-Q. Zhan / Applied Mathematics Letters 20 (2007) 1151–1155 1153
Multiply (3) by hx , and integrate over x , v. Using the relations ρt = − jx and Ex = ρ we prove (ii).
To prove (iii), we rewrite (2.2) as
∂t (hx )+ ∂x (α(v)hx − α(v)m(v)E) = 0. (2.3)
Multiply (2.3) by α(v)hx − α(v)m(v)E and integrate over x, v:∫∫
ht x (α(v)hx − α(v)m(v)E)dvdx + 12
∫∫
∂x (α(v)hx − α(v)m(v)E)2dvdx = 0.
So ∫∫
ht x (α(v)hx − α(v)m(v)E)dvdx = 0
and therefore
1
2
d
dt
∫∫
α(v)h2xdvdx +
∫
jtρdx = 0,
that is,
1
2
d
dt
[∫∫
α(v)h2xdvdx + 2
∫
ρ jdx
]
−
∫
ρt jdx = 0.
But, since ρt = − jx , we have
∫
ρt jdx = 12
∫
∂x j2dx = 0 and hence∫∫
α(v)h2x + 2
∫
ρ jdx = const.
This is (iii).
With Lemma 2.1 in hand, we give the proof of the theorem in the following.
Proof of Theorem 1.1. We will give a proof for the case where |α(v)| ≤ M < ∞ for all v and α(v0) > for some
v0 > 0. For the other case, where g(v) has compact support, the proof can be given similarly.
First note that∣∣∣∣∫ ρ jdx∣∣∣∣ ≤
√∫
ρ2dx
√∫
j2dx
=
√∫
ρ2dx
√∫ (∫
hmα(v)dv
)2
dx
≤
√∫
ρ2dx
√∫ (∫
m2α(v)2dv
)(∫
h2dv
)
dx
≤
√∫
ρ2dx
√∫ (∫
m2α(v)2dv
)
0. (2.4)
Also, since |α(v)| ≤ M <∞, we have∣∣∣∣∫∫ α(v)h2xdvdx∣∣∣∣ ≤ M ∫∫ h2xdvdx .
By (ii) and (iii) of Lemma 2.1, we have
1
M
2 − 1 = 1M
∫∫
α(v)h2xdvdx −
∫∫
h2xdvdx +
2
M
∫
ρ jdx −
∫
ρ2dx
≤ 2
√∫
ρ2dx
√∫ (∫
m2α(v)2dv
)
0 −
∫
ρ2dx .
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Now, if 1M 2 − 1 > 0, a constant lower bound for
∫
ρ2dx follows from (2.4); hence it suffices to produce data h0
for which 1M 2 − 1 > 0.
Now let Φ be any odd C∞ function (other than zero) with support contained in [−1, 1]. LetΨ be any C∞ function
with compact support such that
Ψ(v) > 0 for v ∈ [a, b]
where a < v0 < b are chosen so that α(v) > kM for v ∈ [a, b] with k > 0.5.
Note that
∫
mΨdv > 0. We consider h0(x, v) = Φ( xL )Ψ(v) where L will be chosen later. Since Φ is odd,∫∫
mh0dvdx = 0. It follows that E(0, x) is compactly supported and hence 0 is finite.
Making the substitution y = xL , we have∫
ρ2(0, x)dx =
∫ (∫
m(v)Ψ(v)Φ
( x
L
)
dv
)2
dx
= L
(∫
mΨdv
)2 ∫
Φ2(y)dy,∫
ρ(0, x) j (0, x)dx =
(∫
mΨdv
)(∫
α(v)mΨdv
)∫
Φ2
( x
L
)
dx
≥ kM
(∫
mΨdv
)(∫
mΨdv
)
L
(∫
Φ2(y)
)
dy
= kML
(∫
mΨdv
)2 (∫
Φ2(y)
)
dy∫∫
h2x (0, x, v)dvdx =
∫∫
Ψ2(v)
(
Φ′
( x
L
)
L−1
)2
dvdx
= L−1
∫∫
Ψ2(v)
(∫
(Φ′(y))2
)
dy,
and ∫∫
α(v)h2x (0, x, v)dvdx =
∫∫
α(v)Ψ2(v)
(
Φ′
( x
L
)
L−1
)2
dvdx
≥ kML−1
(∫
Ψ2dv
)(∫
(Φ′(y))2dy
)
= kM
(∫
Ψ2dv
)(∫
(Φ′(y))
)2
dy.
So
1
M
2 − 1 =
∫∫
α(v)h2x (0, x, v)dvdx −
∫∫
h2x (0, x, v)dvdx
+ 2
∫
ρ(0, x) j (0, x)dx −
∫
ρ2(0, x)dx
≤
[
k
L
− 1
L
](∫
Ψ2dv
)∫
(Φ′(y))2dy
+ [2kL − L]
(∫
mΨdv
)2 ∫
Φ2(y)dy.
Since k > 0.5, we have, for L sufficiently large,
1
M
2 − 1 > 0
and this proves the theorem. 
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3. Conclusion
We generalize the results of [3,4] to more general linear transport equations ft + α(v) fx + α(v)g(v)E = 0. Our
results shows that when α(v) is bounded, the behavior of g(v) in an unbounded domain has little influence on the
decaying of the solutions. Only the sign of g(v) matters. In the case where α(v) is unbounded, the behavior of g(v)
in the unbounded domain plays an important role in the decaying of the solutions.
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